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Topic

: Monstone ConvergenceThu :
-

Reall: Exc is increasing if XnxxntI forelneN .

decreasing if nxxu-l for all UEN .

or decreasing .monotone if I ismoreusing
MT : amoustone sequence 3xn3 is convergent iff i is bounded .

case1 : Exnincreasing : him
ntxXn= sup S Xn

: neNY .

care2: \Xn] decreasing: x Xu= inf[xn : neNB .
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B :
: Wis ExnY is bounded . Let x-linxth .

Then for each n ,

xnl = (xn-x+x) < /Xn-x) + /x) .



ENsit - Au3N , KnxK> 1 .

So for nxN , Mul 11x) .

Now lot M== Sup [ Kil ,
. .

., kn-il , 11x3
.

Then Iu)M for all Mand [xn5 is bounded .

E : Wis Sxn} converges .

Case 1 : SYnB is bonded ,
mcreasing . By bandedness, IMERs .

t . XnMEnEN
.

Since [x5 is bonded, non-empty ,
x*:= Sup3xm3 exists .

↳

WTS x*= him*n .

let 20 be green . x
*

- 9 is not an u .
b

. of [xn3, so

EK sit. x*-2 <Xp
.

"Yn fer all nisK .

So me have shown that given 230, EK sit . Ens,K ,

x* -E< XeY In x* < x* + 2

s
-> kn-x) < 2 . for all n3K .

Case2 : Sxn5 is bruded, decreasing , apply case(1) A [ -xn3./ ,



iceotis :

D .

Harmonic series ha := ++- ...
.

is Ehn's convergentor divergent ?
Mu=11 .4 for n

= 50
,
030

hu= 12
.
1 for n

= 180, 000

hus50 for ne 5 .2x 12.

Clearly tu is increasing . So by MIT , suffices to clech whether his bounded

han =++ 2+
.. .

+
= 1 + 2 + (3 +z)+ -. --( +- ..

+ 2)
.

>H + ( +5) + - -
+ (in + - ..

+ 2)
ne

= (t2 ++ ... 2 ofthese .

= It which is unhanded by AP .

So Shn3 diverges , just extremely slowly !



2) Defining : binomia / n(x(n-2) ! the
en (H) = H :ty+ + 3 !

↑

n3

+a(- (2) : 11
n! n

= 1+ 1 + 2(1- i) + 5: (1- 2)(1- 2) nittersE
+ ...+ (1- 2)(1-2) ... (l- )

.

entee) : (l-ni) (r- )- s :-it ... (1 -E)
.

n+2 terms

eachterm in en is less than or equal tothe correspondingterm inenti
So Sens is increasing . Clearly 2 en ferall mi, L .

For = 1,2, ...,
n,

1- <
., 21- <p ! -= 2 .



So enCH1 + + - .. +
-
73

.

2
↑

So by MCT ,
Sen3 converges to e

:= supsen3 .

-define put burning-

its value explicitly .

3) Recurrence Relations :

a) X,
=E , Xut

=2- G
. . .

By induction
:

KXn=2Forns,2
:

Xz= 2-n lau =2 . Dascease
V

Sps /Xn32 for somek . Then

Xn+ = 2- 4) 2 - 1 = 1
., Xn+1 = 2- * 2- 212 .

Xn* 1 = In - - - 1

xn = 2 = kr =- - n -

.

So [xn3 is bounded .



[xn3 is decreasing :

S4s xm? Yut I for some h ,
them *↳ Inti

Xnt
= 2 -

m 2-
* xn+2

.

=>

-unti
Base Case: x,=E

,
x2= 2- z = G = <

.

SobyMCT (xn3 converges ·
Manoen

,
X-limxn=himxntl So x satisfies

n+ n+D -

y=
lin I

*+ y Yn+1
= 2-

emxn
= 2 - 5

.

n+ -

=> x satisfies x2-2x+ = 0 . -(X-1)
=

02) x= y
,.

b) TryXn+1: = Exn x1= 1 .

S



4) Show x= z +jet ... t comerges using
M2T

.

n2

(Hit : if k2x2, = * R(-) = it -k). -

P :Clearly(xn) is increasing .

Baudelness : x
, < 2 ., forn?2 ,

xn = 2 +z + ...+ + + (i - +⑰ -E)
y...x (A - i)

.

= 2- . 2 :

So xn = 2 for all me

Hence by Mat, Exn3 converges -/, -


